
Reta: Computing fe from wm or wm
'

relies on the system being
conservative .

where have we used the fact that the

system is conservative ?

Recall that we used the

fine
integral

of dwm or dwui to compute wm or Wni
,

from which we compute fe . Without the system

being conservative
, the line integral is not

independent of the path taken
,

and our

formulae for Ww or Wm
'

are not valid .

So
far ,

we have computed wm or wm
'

, given
Ali , x ) ,

and then
computed fe= - 2y÷=gw×I .

Now
, let's ask a different question

. Given A

and Wmfwni
,

we ask whether the system is

Conservative .



Recall that

dwm = if , × ) DX - fetx , x ) dx
,

dwm
'

= X ( i. x ) di +fe( i. x ) dx .

Find a condition such that the path
integral of

dwm or dwm
'

is independent

of falh . Answer is given by Green's theorem .

Green 's Theorem : Suppose L : R2→R

such that

dl = F Cn , y ) dn + Gta , y ) dy .

Then path integral of dl is independent

of the
paler if and only if

¥y= If .



•

Apply this to wm & wm
'

.

The system is conservative if and
only if

%÷=
- If or

@¥×=Y÷
.

when applying
this rule

,
make sure

that fe is expressed as a function of
A.x ) when

applying
TO

,
and

liix ) when
applying

IO .

Eye : For a system , suppose
we have

i. totality ] .

f=±aftHYn?ntµtgM%3_] .

Is Hue system Conservative ?
 

Here ,
to .IO are constants .



÷ :#t.it:4#H
= ¥tho + HAD

3

- Fy
'

¥=÷t÷t.tl?niaYiID
=

- tat . ya . ¥2216+1*4131×03]

=
- Ty .

Xtxoicxtxop
( I + at )

2

= 2÷
Green

's theorem ⇒ the system is conservative .



Green 's Theorem : Suppose L : R2→R

such that

dl = FG , y ) dn  + Gta , y ) dy .

You don't

Then path integral of dl is independent
need to

of the
paler if and only if remember

s¥=}§ .

proofs .

Proof sketch of Green's theorem :

It's not a formal proof ,
but a sketch

of why 2F/2y = 2G/ax holds .

Consider two different paths from ( x. y )
to ( × + Ax

, y + Ay ) where A ×
, Ay are small .

^

• ( x + Ax
, ytay )

Bnp?^p
,

Let's integrate dl

( x.y) along I and Pz
,

>

and
equate them .



§
,

dl = Spzdl

Notice that fgdl = FC x. y ) Ax

+ G ( × + Ax
, Y ) Ay .

Similarly , fdl=q( x. Y ) AY
Pz + F ( ×

, y + Ay ) Ax .

Equating them
,

we get
F ( × , y) Ax + 9 ( x tax

, y ) Ay
= 9 ( x. y ) Ay + F ( x

,

ytay
) Ax

Rearranging the above
equation ,

we get

Glxtax , y) - G ( a y )
A-

=
F( × ' Y + AY ) - F ( x. y )

AT
Taking ax & Ay to no

,
we get

a

.÷=s¥ '



Energy
conversion cycles :

Recall that dwm = idX - fedx . Suppose

we
go

over a cycle of in the state
space

Then
,

we have

§gdwm = §gidx + §g
. fedx .

⇒
^

Assuming the
Energy from

system is mechanical port
as;YgmEwm! ) "

diennnoietmbystes'T
.

Energy from
electrical

port
"

into
"

the
system,

denoted

by EFEIQ .



0 = EFEIQ + EFM |q .

Two different cases
may

arise :

° EFEIQ > 0 & EFM |q < °

This means the system absorbs electrical

energy
and performs

mechanical work .

• . . The system performs motor action
.

° EFEIQ < o dg EFM|q > 0

This means the system
absorbs mechanical

energy
and

generates
electrical

energy
.

•  . . The
system

acts as a
generator .



EYE : Consider a rotational system ,
described as

Ask , iz
, e) = Li , is + Mwsoiz

,

Xz (i
, ,

iz
, a) = Must i

,
+ Luiz .

Let's
operate

this system over the following

cycle
in Liz

,
o ) space

as shown
,

when

% is held constant at Io
, throughout . Assuming

the
system

to be conservative
, state whether

the system is behaving as a
generator or

a motor .

f ^

2h - <
^

IT
- > ,

^ !is
Io

Alternately ,

Steps in the computation : calculate Efelqae
�1�

Compute
WW or wm

'

from A
, ,

Az
�2�

Compute Te from Wm or Win
.

�3� Compute EFM Icy .de = §µe - Tedo
.

/



Step l :

wm
'

= f.
"

Ali ,
o

,
a) dei + fit:( in ii. a) de

= fit Lui,dii + MMwsoi
,

+Lniddii

= 4 , izh +
Must ioiiz + Lzzizl .

Step 2 :

Te =
Zwm

'

¥
=

- Msino I iz .

A " d
Step 3 :

←
<

^CEFM |qµ= § - Ted 0 a->
s :^a

= !Msinoiifdoo
toi :

+
fmsinoiiizdoftofmsinoitiititototfmsinoinozdol



0=2 'T

° : EFM |qµ = / MIR Sino do

f  = Tf

0=2 'T

= MIT fast )|
0 =  A

= - Mah ( cos 2A - cost ) .

=
- Mti ( Lt I )

= - ZMIOZ .

< o .

° : EFM|yµ < 0
,

EFEI
cycle

> 0
'

i.e.
, it absorbs electrical

energy §

produces
mechanical

energy
.

⇒ It is
performing motor action

.



° which one among EFEI
cycle

and EFMI cycle

will you calculate .

EFEIQ .
= §gµ Finder ,

where k
ranges

over all electrical
ports

.

Computing § idx
requires

inversion of
the A- e relation

, just the way you
need when

computing Wm
. Usually .

the route to
compute EFMI

que
is easier .

Eye :
Suppose X = Lo

. ha for
a conservative system that is operated on

xtnhe
cycle

shown in the figure . 9s it behaving

B > c as a generator or*
^ ✓

a motor 1
A A<

D 0

> n

H , Rz



Q computing Wm
'

:

wm
'

= filler) di = ,+↳nTa fiidi
=

Lo i2

# a)
'

�2�

Computing fe :

ge = 3w¥ = told . E÷÷y
' ta '

=E¥±**¥n#
= - I

.

2W a

�3�
Computing

EFMI
cycle

:

EFM |qµ =

a,|FedF
"

+ {fed 's +

af
-

fedfn
"

+ fated



° :EFM|qa= f.fedx + fafedx
XIX 1

= KYIf÷ad× + / tId×
Zloa

X=Xz

= AT ( xrxi )
+

Xp ( x ,
- xD⇒

on 2 Low

=(×z-xi)(=x )
2 Low

> 0
. . . The system

absorbs

mechanical
energy

and produces
electrical

energy .

It is a generator .

*
B > c Exercise : Repeat it by^ ✓

* A<
D

calculating EFEIQ
.

for this
> n

a .
" 2

problem .


